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Abstract 

In calculus of variations on general time scales, an integral Euler-Lagrange equation is usu- 
ally derived in order to characterize the critical points of non shifted Lagrangian functionals, 
see e.g. [R.A.C. Ferreira and co-authors, Optimality conditions for the calculus of variations 
with higher-order delta derivatives, Appl. Math. Lett., 2011]. 

In this paper, we prove that the V-differentiability of the forward jump operator cr is a 
sharp assumption in order to obtain an Euler-Lagrange equation of differential form. Further- 
more, this differential form allows us to prove a Noether-type theorem providing an explicit 
constant of motion for differential Euler-Lagrange equations admitting a symmetry. 
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1 Introduction 

The time scale theory was introduced by S. Hilger in his PhD thesis in 1988 in order to unify 
discrete and continuous analysis. The general idea is to extend classical theories on an arbitrary 
non empty closed subset T of M. Such a closed subset T is called a time scale. In this paper, it 
is supposed bounded with a = minT and b = maxT. Hence, the time scale theory establishes 
the validity of some results both in the continuous case T = [a, b] and in the purely discrete case 
T = {a ^ tg < ti < ... < tpf ^ b}- Moreover, it also treats more general models involving 
both continuous and discrete time elements, see e.g. [151 US] for dynamical population whose 
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generations do not overlap. Another example of application is to consider T = {a}U{a + A^} with 
< A < 1 allowing the time scale theory to cover the quantum calculus [53^. 

Since S. Hilger defined the A- and V-derivatives on time scales, many authors have extended to 
time scales various results from the continuous or discrete standard calculus theory. We refer to the 
surveys [1] [2j [TOl [11] of M. Bohner et al. In the continuous case T = [a.b], let us mention that the 
operators A and V coincide with the usual derivative operator d/dt. In the discrete case card(T) < 
oo, A is the usual forward Euler approximation oid/dt, i.e. Au{tk) = {u{tk+i) —u{tk))/{tk+i —tk) 
and similarly, V is the usual backward Euler approximation of d/dt, i.e. Vu(ife) = (u(ife) — 

u{tk-l))/{tk - tk-l). 



Context in shifted calculus of variations. The pioneering work on calculus of variations on 
general time scales is due to M. Bohner in [8 . In particular, he obtains a necessary condition for 
local optimizers of Lagrangian functionals of type 



Ciu) = I Liu" 

J a 



(r),u^(T),r) Ar, 



(1) 



where u'^ = u o a [a is the forward shift operator explicitly defined in Section 12. ip , is the 
A-differential of u and / At is the Cauchy A-integral defined in [TOl p. 26]. 

Precisely, M. Bohner characterizes the critical points of C as the solutions of the following 
A o A-differential Euler-Lagrange equation, see [U Theorem 4.2]: 



ov 



r)T 

{t)^—{u-{t),u^{t),t). 



Here, the notation AoA refers to the composition of A with itself in the left-hand term of (EL^j^'^ 



As it is mentioned in [8], this work recovers the usual continuous case T = [a,b] (where a is the 
identity) where the critical points of Lagrangian functionals of type 



jC{u) — / L{u{T),du/dt{T),T) dr 



(2) 



are characterized by the solutions of the well known continuous Euler-Lagrange equation (see e.g. 
[H p. 12]) given by 

d IdL 1 dL 

- —{u,du/dt,-) {t)^—{u{t),du/dt(t),t). (3) 

Moreover, the work of M. Bohner in [S] also recovers the following discrete case card(T) < oo 
where the critical points of discrete Lagrangian functionals of type 



C{u) 



N~l 



ifc)i(u(tfc+i), Au(tfe),ife) 



(4) 



k=0 



are characterized by the solutions of the well known discrete Euler-Lagrange equation (see e.g. 
[3]) given by 

dL 

(tk) - -T-{u{tk+i), Au{tk),tk). (5) 



dx 



In what follows, we will speak about C (defined in ([T])) as a shifted Lagrangian functional in 
reference to the presence of u"' (instead of u) in its definition. Note that this characteristic has no 
consequences on the continuous case but let us mention the presence of u{tk+i) (instead of u(tfe)) 
in the discrete case. We will see that the difference is important at the discrete level and a fortiori 
at the time scale one too. In particular, this shifted framework does not cover the variational 
integrators studied in [T51I1B]. We refer to the next paragraph for more details. 

Since the publication of [8], the shifted calculus of variations is widely investigated in several 
directions: with double integral [9], with higher-order A-derivatives [M], with non fixed boundary 
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conditions and transversality conditions |20) . with double integral mixing A- and V-derivatives 
|25j . with higher-order V-derivatives |571, etc. We also refer to for shifted optimal control 

problems. Let us mention that shifted variational problems are particularly suitable (in comparison 
with the non shifted ones) because of the emergence of a shift in the integration by parts formula 
on time scales (see [lOl Theorem 1.77 p. 28]) given by: 



u{t)v^{t) At = u{b)v[b) — u{a)v{a) 



\t)v^{t) At. 



(6) 



Context in non shifted calculus of variations. As mentioned in the previous paragraph, the 
shifted calculus of variations on general time scales developed in 8 does not cover an important 
discrete calculus of variations. Precisely, recall that the critical points of (non shifted) discrete 
Lagrangian functionals of type 



C(u) 



N-l 

E 

k=Q 



it 



k+1 



tk)L{u{tk),Au{tk),tk) 



(7) 



are characterized by the solutions of the well known discrete Euler-Lagrange equation (see e.g. 
[I8] ) given by 

(tk)^ ]"^';*" ^Htk),Au{t,),t,). (8) 



^(.,A.,.) 



tk - tk-i dx 



Recall that the above discrete Euler-Lagrange equation dH) corresponds to the variational integra- 
tor obtained and well studied in [T51[53]. In particular, it is an efficient numerical scheme for the 
continuous Euler-Lagrange equation ([3]) preserving its variational structure and relative properties 
at the discrete level. In this (non shifted) discrete case, note the emergence of the composition 
between the operators V and A. In numerical analysis, it is well known that such a composition 
allows to obtain a larger order of convergence. 

Up to our knowledge, only few studies treat on the non shifted calculus of variations on general 
time scales, see [12l[T3]. In these papers, the critical points of (non shifted) Lagrangian functionals 
of type 

C{u)= [ L{u{T),u^{T),r) At (9) 

J a 

are characterized by the solutions of the following A-integral Euler-Lagrange equation, see [l2l 
Theorem 11] or [13l Corollary 1]: 



dv 



{u{t),u'^it),t) 



dx 



(m(t), u^(r), r) At -|- c. 



Note that authors of [T2| [13] only obtain an integral form of Euler-Lagrange equation in contrary 
to the classical continuous and discrete cases where a differential form is provided. Moreover, note 
that a differential form is also given in the shifted framework of [8 . Hence, it exists a gap in the 
literature on (non shifted) calculus of variations on time scales and we will see that it cannot be 
trivially filled in a general framework. 

The objective of this paper is to derive, in the non shifted case, a differential Euler-Lagrange 
equation of type 



dL 

dv 



(w, u'^ 



dL 

Lj{t) — {u{t),U^{t),t) 
OX 



(10) 



allowing in particular to recover the non shifted discrete case given by 



In this way, a natural idea is to apply the V-derivative on (ELj 



obstruction is due to the presence of a in the upper bound of the A-integral in ( EL; 



Nev erthele ss, a serious 
In fact, we 



A 



will exhibit a counter-exa mple (s ee Example[T]) showing that we cannot V-differentiate the integral 



Euler-Lagrange equation (EL^^^ ) on general time scales. It leads us to consider a subclass of time 
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scales. Precisely, we prove that the V-differentiability of cr is a sharp assumption on the time scale 
in order to derive a V o A-differential Euler-Lagrange equation of type (|10p as a characterization 
of the critical points of the (non shifted) Lagrangian functional L defined in ([5]). Moreover, in 
such a case, an interesting phenomena is the direct emergence of this assumption in (jlOp since we 
prove that ui = . 

In this paper, we study the consequences of the V-differentiability of a on the structure of 



T. We will see how this assumption allows us to apply V on (ELJ^^) in order to obtain (|10|) 
with uj = . Note that the V-differentiability of a is not a loss of generality since it is satisfied 
in the continuous case T — [a, 6] (with = 1) and in the discrete case card(T) < cxd (with 
<^^{tk) = {tk+i ~ tk)/{tk — tk-i))- As a consequence, our main result both recovers the usual 
continuous case ^ and the non shifted discrete case (jS]). 



Derivation of Noether-type results. In shifted calculus of variations, we refer to the paper 
[71 study ing the existence of constant of motion for A o A-differential Euler-Lagrange equations 
(EL^jg^). We refer to [28 for a similar study with V-derivatives. The common strategy is to 
generalize the celebrated Noether's theorem [24l |3T] to time scales. Precisely, under invariance 
assumption on the Lagrangian L, authors prove that a conservation law can be obta ined. 



In the non shifted calculus of variations, note that the non differential form of (EL 



IS an 



obstruction in order to develop the same strategy. A direct application of our main result is then to 
provide a Noether-type theorem based on the differential form (|10p . This will be done in Section U) 



Finally, it has to be noted that our whole study is made in terms of Lagrangian function- 
als involving A-integral and A-derivative. However, all results can be analogously derived for 
Lagrangian functionals involving V- integral and V-derivative. This will be done in Section [5j 



Organization of the paper. We first give basic recalls on time scale calculus in Section 12.11 
and on non shifted calculus of variations on general time scales in Section [^T^ Finally, Section [^31 
is devoted to our main result (Theorem [T]). A study of time scales with continuous a is provided in 
Section [3T1 and with V-differentiable a in Section [321 The results obtained in these two previous 
sections allow us to prove our main result. Finally, we prove a Noether-type theorem in Section [H 
We conclude this paper with the analogous results for non shifted calculus of variations defined in 
terms of V-integral and V-derivative, see Section [5] 

2 Non shifted calculus of variations on time scales with V- 
differentiable a 



In this paper, T denotes a bounded time scale with a = min(T), b = max(T) and card(T) > 3. In 
Section [2T| we give basic recalls about time scale calculus. 

In Section 12.21 we recall the non shifted calculus of variations on general time scales orig- 
inally de veloped in [13], see also [HI Section 9]. In particular, the A-integral Euler-Lagrange 
equation ( EL^^. ) is given as a necessary condition for local optimizers of non shifted Lagrangian 



functionals, see Proposition [3l 

In Section r2.31 under the assumption of V-differentiability of cr, our main result provides a Vo A- 
differential Euler-Lagrange equation of type (jlOp as a nec essary condition for local optimizers of 
non shifted Lagrangian functionals, see Equation pL^^ in Theorem [TJ We also prove that this 
assumption is sharp, see Example [TJ 



2.1 Basic recalls on time scale calculus 

We refer to the surveys [TJ [21 [13 E] for more details on time scale calculus. The backward and 
forward jump operators p,a : T — > T are respectively defined by: 

e T, p{t) = sup{s eT, s <t} and a{t) = inf{s e T, s > t}, (11) 
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where we put sup = a and inf = 6. A point t G T is said to be left-dense (resp. left-scattered, 
right-dense and right-scattered) if p{t) = t (resp. p{t) < t, a{t) = t and a{t) > t). Let LD 
(resp. LS, RD and RS) denote the set of all left-dense (resp. left-scattered, right-dense and right- 
scattered) points of T. The graininess (resp. backward graininess) function /i : T — > M+ (resp. 
1/ : T — > R+) is defined by n{t) = a{t) - t (resp. iy{t) = t - p{t)) for any t e T. 

We set T'' = T\]p{b),b], T« = T\[a, a{a)[ and TjJ = T" nT«;. Note that T%^% since card(T) > 
3. Let us recall the usual definitions of A- and V-differentiability. A function u : T — > M", where 
n e N*, is said to be A-difFerentiable at t G T*^ (resp. V-difFerentiable at t £ T^) if the following 
limit exists in R": 

lim fresp. lim ^^^) ~ <P^))\ . (12) 

s^t ait) -s \ ^ s^t s- pit) I ^ ' 

In such a case, this limit is denoted by u^{t) (resp. (t)). Let us recall the following results on 
A-difFerentiability, see [TUl, Theorem 1.16 p. 5] and fTU'i Corollary 1.68 p. 25]. The analogous results 
for V-differentiability are also valid. 

Proposition 1. Let u : T — > M" and i G T". The following properties hold: 

1. if u is A-differentiable at t, then u is continuous at t. 

2. if t Cz RS and if u is continuous at t, then u is IS.- differentiate at t with: 

u\t) = (13) 
p.{t) 



3. if t ^ RD, then u is A-differentiable at t if and only if the following limit exists in 



hm^^i^l^. (14) 

s~ft t-S ^ ' 

In such a case, this limit is equal to u^{t). 

Proposition 2. Let u : T — > M". Then, u is A-differentiable on T" with u'^ = if and only if 
there exists c G K" such that u{t) — c for every t G T. 

From Proposition [1] and for every t G RS, note that a function u is A-difFerentiable at t if and 
only if u is continuous at t. Still from Proposition [TJ note that every A-differentiable function on 
T'' is continuous on T. 

Recall that a function u is said to be rd-continuous on T if it is continuous at every t G RD 
and if it admits a left-sided limit at every t G LD, see jTUi Definition 1.58 p. 22]. We respectively 
denote by C^jj(T) and Cjj^'^(T) the functional spaces of rd-continuous functions on T and of A- 
differentiable functions on T'' with rd-continuous A-derivative. Recall the following results, see 
pi Theorem 1.60 p.22]: 

• CT is rd-continuous. 

• if w G Cj'^(T), the composition u'^ ~ u o a i& rd-continuous. 

• if M G Cj'j(T), the composition f o u with any continuous function / is rd-continuous. 

Let us denote by / At the Cauchy A-integral defined in [TUl p. 26]. For every u G C"j(T''), recall 
that the function U , defined by U {t) — u{t)At for every t G T, is the unique A-antiderivative of 
u (in the sense that ^ u on T") vanishing aX t — see [lOl Theorem 1.74 p. 27]. In particular, 
we have U G Cj^;i'^(T). 
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2.2 Recalls on non shifted calculus of variations on general time scales 

In this section, we recall the non shifted calculus of variations on general time scales originally 
developed in [T3], see also [121 Section 9]. Let L be a Lagrangian i.e. a continuous map of class 
'^^ in its two first variables: 

L: R" X M" X T'^ — > M (15) 
{x,v,t) I — > L{x,v,t) 

and let £ be the following (non shifted) Lagrangian functional: 

C: Clf{T) M (16) 

rb 

L{u{t),u^{t),t) At. 

In this section, our aim is to give a necessary condition for local optimizers of C (with or 
without boundary conditions on t — a and t = b). In this way, we introduce the following notions 
and notations: 

• ^rd'oC^) = £ Cj'tj^'^(T), w{a) ~ w{b) = 0} is called the set of variations of jC. 

• u £ GI^(T) is said to be a critical point of jC if D£{u){w) = for every w G Cj^j^'^(T). Let 
us precise that DC{u)(w) denotes the Gateaux-differential of £ at m in direction w. 

In particular, if u is a local optimizer of C, then m is a critical point of C. Finally, let us recall the 
following characterization of the critical points of C, see [T^ Theorem 11] or [T31 Corollary 1]. 

Proposition 3. Let u G Cj^i^'^(T). Then, u is a critical point of C if and only if there exists c £ M" 
such that: 

r)T /■<^(*) F}T 

— iu{t),u^{t),t) = — (u(r),u^(r),r) Ar + c, (EL^^^J 

for every t G T''. 

Hence, Proposition [3] provides a necessary condition for local optimizers of C. Precisely, if 
M is a local optimizer of £, then there exists c e M" such that u satisfies the A-integral Euler- 



Lagrange equation (EL^^ ). We refer to Example [T] in Section [2731 for an example of application of 
Proposition [3| 



2.3 Main result 



In this paper, we aim to rewrite the A-integral Euler-Lagrange equation ( EL^^^ ) as a V o A- 
differential one of type ([T0[) . Precisely, we prove the following result under the assumption of 
V-differentiability of a. 

Theorem 1 (Main result). Let us assume that cr is V -differentiable on and let u G Cj^j'^(T). 
Then, u is a critical point of C if and only if u is solution of the following V o IS.- differential 
Euler-Lagrange equation: 



for every t G . 

Proof. We refer to Corollary [T] in Section 



8T 

{t)^a^{t) — {u{t),u^{t),t), 



□ 



Note that this result both recovers the usual continuous and discrete Euler-Lagrange equations 
given by ([3]) and ^ in Introduction. Indeed, as it is mentioned in Example [3| in Section [372[ the 
following properties are satisfied: 
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• if T = [a, 6], (7 is V-difFerentiable on with — 1. 

• if card(T) < cxd, cr is V-differentiable on with cr^ = ji/v. 

Let us prove, via the foUowing simple example, that the assumption of V-differentiability of a 
is sharp for the validity of Theorem [T] 

Example 1. Let us consider n = 1, L{x,v,t) = x + and u £ Cj^'^(T) defined by u{t) — 



(t(t)At for every t £ T. Since u satisfies (EL^I with c ^ a, we conclude that u is a critical 



point of C, see Proposition^^ However, note that dL / dv{u,u , ■) — u = a and consequently, 
(ELJj^'^I is not satisfied if a is not V-differentiable. 

We refer to Example [2] for time scales with continuous and non continuous a. We respectively 
refer to Examples [3] and |4] for time scales with V-differentiable and non V-differentiable a. 



3 Time scales with V-difFerentiable a 

In this section, we first study the consequences on T of the continuity of cr in Section 13.11 Then, 
we study the consequences on T of its V-differentiability in Section [321 In particular, the results 
obtained in these sections allow us prove our main result (Theorem [ij . 

3.1 Continuity of a 

Let us prove the following characterizations of the continuity of a. 
Proposition 4. Let i G T^. The following properties are equivalent: 
L a is continuous at t; 

2. (JO p{t) = t; 

3. t^RSnLD. 

Proof. Let us prove that 1. implies 2.. By contradiction, let us assume that aop[t) ^ t. Necessarily, 
we have t £ RS n LD. As a consequence, t ^ a since f e T^. Then, let (s^) C T be a sequence 
such that Sk < t for any k £ N and Sk t. Thus, we have a{sk) < t < a{t) for any fc S N and 
consequently, [a{sk)) does not tend to <j{t). This is a contradiction with the continuity of a at t. 
Let us prove that 2. implies 3.. If i e RS n LD, then a o p[t) = a{t) ^ t. 

Let us prove that 3. implies 1.. By contradiction, let us assume that a is not continuous at 
t. As a consequence, there exists £ > and a monotone sequence {sk) such that Sk ^ t and 
\a-{t) — (T(sfe)l > e for every k £ N. Firstly, let us assume that (sfc) is decreasing. Then, we have 
t < Sk < Sfc-i and then t < a{t) < cr(sfc) < Sk-i for any k £ N*. It is a contradiction since 
Sfc_i — )■ t. Secondly, let us assume that (sfc) is increasing. As a consequence, t £ LD and then 
t £ RD (see 3.). Finally, we have Sk-i < Sk < t and then, Sk-i < cr{sk) < t — a{t) for any k £ W . 
It is a contradiction since Sk-i t. In both cases, we have obtained a contradiction. □ 

Note that a is continuous at a. Indeed, if a S RD, then a £ T^, a ^ RS fl LD and then. 
Proposition m concludes in this case. If a G RS, then a is isolated and thus, a is continuous at a. 

Consequently, a is continuous at i G T if and only if t = a or (non exclusive) t ^ RS H LD. 
Hence, a is continuous at t G T if and only iit = aoit£ RD or t £ LS. 

Finally, we conclude that a is continuous on T if and only if RS fl LD\{a} 0. It means that 
a is continuous on T if and only if no point of T\{a} is right-scattered and left-dense. A similar 
remark is already done in [10( Example 1.55]. Let us see some examples and counter-examples. 

Example 2. 1. IfT= [a,b], a is continuous on T. 
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a 



b 

f 



e RD 



2. //card(T) < oo, a is continuous on T. 



a — to ti ■ ■ ■ i^v— 1 tj^ = b 



e LS 



3. IfT— {0, 1} U [2, 3], (T is continuous on T. 



e LS 



e RD 



4. //T = [-1,0] U {1/fc, fc e N*}, a is continuous on T. 



e LS 



e RD 



5. //T = [0, 1] U [2, 3], a is not continuous at leRSn LD\{0}. 



e RS n LD 



6. If T is the usual Cantor set (see J10\. Example 1.47 p. 18]), a is not continuous at 1/3 G 
RSnLD\{0}. 

Let us give some remarks. 

Remark 1. If a is continuous on T, then every t £ RS is isolated. Consequently, in such a case, 
every function is directly continuous and A-difJerentiable at every t G RS, see Proposition[l\ 

Remark 2. If a is continuous on T, note that every rd- continuous function is directly continuous 
on T. Indeed, if a is continuous on T, every rd- continuous function is continuous at every t G RD 
(by definition) and is continuous at every t G RS (see Remark[l\). Finally, in such a case, C^^^T) 
coincides with the set of continuous functions. Similarly, C'^^{T) coincides with the set of A- 
differentiable functions on T** with continuous IS.- derivative. 

Remark 3. Let us give a short discussion on the notion of regular time scale originally introduced 
in \16\ Definition 9]. We refer to |3 \30^ for other applications of this notion. Recall that T is said 
to be regular if for every t G T, aop{t) = poa{t) = t. In particular, for every regular time scale, a is 
necessarily right-dense and b is necessarily left-dense, see ]16l Proposition 10]. Hence, the discrete 
bounded time scales are not regular. The regularity of a time scale is then a relative restrictive 
assumption. Consequently, we suggest the introduction of the following weakened notion: a time 
scale is said to be quasi-regular if a and p are continuous on T. Hence, a time scale is quasi-regular 
if and only if u o p(t) — t for every t G T*^ and p o a{t) ~ t for every t G T^. Such a weakened 
notion allows to cover the discrete bounded time scales. 
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3.2 V-differentiability of a 

From Proposition 21 we derive the following result. 
Proposition 5. The following properties are satisfied: 

1. if a is continuous at t £ LS, then a is directly V -differentiable at t with cr^ [t) — iJL{t)/v[t). 

2. if a is continuous on T, then a is \7 -differentiable on if and only if for every t G LDPlT^, 
the following limit exist in R; 

lim^iti. (17) 

s^t s - t 

In such a case, this limit is equal to (t^(<). 

Proof. Let us prove the first point. From Proposition [T] and since a is continuous at i G LS C T^, 
a is directly V-differentiable at t with: 

V,,. <j{t) ~ aipjt)) C7{t)-t ^i{t) 
v{t) v{t) u{t) 

since a o p{t) ~ t from Proposition |4l 

Let us prove the second point. Since a is continuous on T, a is directly V-difFerentiable at 
every t S LS from the first point. Consequently, a is V-difFerentiable on if and only if a is 
V-differentiable at every t G LD n T„ i.e. if and only if for every t £ LD n T^, the following limit 
exists in M: 

hm^ifl^. (19) 

s^t s-t ' 

To conclude, it is sufficient to note that the continuity of a implies LDflT^ C RD, see Proposition^ 
The proof is complete. □ 

Let us give some examples of time scale with V-differentiable a. 

Example 3. 1. IfT= [a,b], a is \/ -differentiable on with — 1. 

2. //card(T) < oo, a is 'SI -differentiable on with — [ijv. 

3. If T = {0} U {zk, k G N} where (zk) is a decreasing positive sequence tending to and if 
liuik^oo Zk-i/ Zk exists (denoted by i), then a is S/ -differentiable on T^. In particular, we 
have cr^(O) = £. Indeed, let (sk) C T be a positive sequence tending to 0. Then, for every 
k € N, there exists £ N such that Sk = Zp^. Since Sk 0, we have pk -\-oo. Finally, 
we obtain: 

lim ^if^ ^ linr = L (20) 



a{s) 



4. Application: if T = {0} U fc G N} with r > 1, then a is -differentiable on T^. In 
particular, we have cr'^(O) = r. 

5. Similarly to 3., we can prove that if T — {0} U {zk, k G N} where (zk) is an increasing 
negative sequence tending to and if limk^oo Zk+i/ Zk exists (denoted by £), then a is V- 
differentiable on T„ . In particular, we have cr^(O) ~ I. 
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Zk Zk+i 



s a{s) 



6. Application: T = {0} U {-l/r'=, k en}, then a is \7 -dijferentiable on T^. In particular, 
we have cr^(O) = 1/r. 

7. Similarly to 3., we can prove that if T ^ [—1,0] U {zk, k € N} where (zk) is a decreasing 
positive sequence tending to and i/limfc_j.oo Zk-i/zk = 1, then a is \7 -dijferentiable on T^. 
In particular, we have cr^(O) — 1. 

8. Application: i/T = [—1, 0] U{l/fc^, k G N*}, then a is V -dijferentiable on T^. In particular, 
we have cr^(O) = 1. 

9. Similarly to 3., we can prove that if T = {0} U {z^^ , k E N} U {z'^ , k G N} where (z'j^) 
(resp. [z'^)) is an increasing negative (resp. decreasing positive) sequence tending to and 
i/limfc_j.oo zf^^^l zf^ = limfc_j.oo ^fc'-iZ-^fc' ~ then a is V -dijferentiable on T^. In particular, 
we have cr^(O) ~ £. Note that, in such a case, we can only have £ — 1 since z^j^-^/zj^ < 1 < 
z^_i/ z'^ for every fc G N. 



zl. z. 



fe-i 



a{s) 



'k+l 



S cr(s) 



10. Application: if T ^ {0} U {z^ , /c G N} U {z+, fc G N} with z^ = -1/fc and z+ = 1/k^ for 
every fc G N, then a is V -dijferentiable on T^. In particular, we have cr^(O) = 1. 

Let us give some examples of time scale with continuous but non V-differentiable a. 

Example 4. 1. IfT = {0} U {1/fc!, fc G N}, then a is not V-differentiable in since kl/{k — 
1)! = fc tends to +cxd. 

2. IfT = [-1,0] U {1/2'=, k G N}, then a is not V-differentiable in since 2^12^-^ = 2 does 
not tend to 1. 

5. //T = {0} U {±1/2*^, k G N}, then a is not V-differentiable m since 2^12^-'^ = 2, 
2^/2^+^ = 1/2 and 2 ^ 1/2. 

Examples [2l [3] and [4] allow to get a better understanding of the restrictions imposed on a time 
scale by the V-differentiability of a. Indeed, we conclude that such a time scale has to satisfied 
the following properties: 

• Due to the continuity of cr, no point (except a) can be right-scattered and left-dense. 

• Due to the V-differentiability of cr, the density in a dense point is not "too weak" , in contrary 
to 1. in ExamplelH Secondly, in a left- and right-dense point different to a and 6, the left and 
the right densities have to be "homogeneous" with limit equal to 1, as in 7., 9. of Example[3] 
and in contrary to 2., 3. of ExamplelH 

Finally, the most important result of this section is the following one. 

Theorem 2. Let u : T — > M" and let i G TJ^. // the two following properties are satisfied: 

• a is V-differentiable at t; 

• u is A-differentiable at t; 
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then, u" is V -differentiable at t with {u")^ {t) = a^{t)u^{t). 

Proof. Since a is continuous at i, recall that <j o p[t) = t from Proposition |4l We distinguish two 
cases: i G LS and t € LD. 

• Firstly, let us consider that t S LS. Since a is continuous at i, we have cr^(i) — iJi{t)/v{t), 
see Proposition O If moreover t G RS, then u^{t) ~ {u{a{t)) — u{t))/^[t) and since t is 
isolated, u"^ is V-differentiable at t with: 

/, a^V/,^ U''{t)~u''{p{t)) U{a(t)) - u{t) ^At) . „V(.^,A(.^ /^i n 

In the contrary case t £ RD, since a is continuous at t and since u is continuous at t — a{t), 
we deduce that is continuous at t G LS. Then, from Proposition [1] u'^ is V-differentiable 
at t with: 

since iT(f:) = t. However, in this case, we have CT^(t) = ii{t)/v{t) = 0. Consequently, we also 
retrieve {u")^ {t) = a'^{t)u^{t) in this case. 

• Secondly, let us consider that t G LD. Since a is continuous at t and since t G T^, we 
deduce that t G RD from Proposition |4l Finally, since u is A-differentiable at t and since a 
is V-differentiable at t, we have: 

hm ^^i-^^-^^it) ^ - = aV(i)uA(t). (23) 

a^t s — t s^t s — t als) — t 

In the previous limit, since a is continuous at t G LD n RD, we have used that s ^ t, s ^ t 
implies that a[s) a{t) — t, a{s) ^ t. 

The proof is complete. □ 

From Theorem [21 the following corollary is directly derived. 

Corollary 1. Let u : T — > M". // the following properties are satisfied: 

• a is V-differentiable on T„; 

• u is A-differentiable on T"; 

then, is V-differentiable at every t G Tjj with {u'')^{t) = (7^{t)u^{t). 

From Propositions [21 13] and Corollary [H our main result (Theorem [1]) is proved. We conclude 
this section by introducing the following Leibniz formula useful in order to derive the Noether-type 
Theorem [3] in Section [H 

Proposition 6 (Leibniz formula). Let u,v :T — > M" and i G TJi. // the following properties are 
satisfied: 

• a is V-differentiable at t; 

• u is A-differentiable at t; 

• V is V-differentiable at t; 

then, u'^ ■ V is V-differentiable at t and the following Leibniz formula holds: 

[u" ■ v)^{t) ^ u{t) ■ v^it) + a^{t)u^{t) ■ v{t). (24) 

Proof. Since a is continuous at i G T^, we have a o p(t) = t from Proposition [4] From Theorem[2l 
is V-differentiable at t with (m'^)^(<) = a'^{t)u^{t). Finally, from the usual Leibniz formula 
on time scale (see [TOl Theorem 1.20 p. 8]), we have u"' ■ v is V-differentiable at t with: 

{u^ ■ vf{t) = u^ipit)) ■ v^{t) + {u^)^it) ■ v{t) = u{t) ■ v^{t) + a^{t)u^{t) ■ v{t). (25) 

The proof is complete. □ 
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4 Application to a Noether-type theorem 

We first review the definition of a one-parameter family of infinitesimal transformations of M" . 

Definition 1. Let ri> Q. A map <i> is said to be a one-parameter family of infinitesimal transfor- 
mations of M" if ^ is a map of class : 



\-^, r]\ X K" 



(26) 



such that $(0, •) = Idjg 



The action of a one-parameter family of infinitesimal transformations of M" on a Lagrangian 
allow s us to introduce the notion of symmetry for a V o A-differential Euler-Lagrange equa- 



tion 



Definition 2. Let ^ be a one-parameter family of infinitesimal transformations o f ]B 
grangian L is said to be invariant under the action of ^ if for every solution u of ( EL Jj^"^ 
every t G TJ!, the map 

9 I — > i($(6', u{t)), $(61, u)'^{t),t) 



A La- 
and 



(27) 



is consta nt. Ln su ch a case, <i> is said to be a symmetry of the V o /S.- differential Euler-Lagrange 
associated. 



equation fELjl'^ 



The most classical examples of invariance of a Lagrangian under the action of a one-parameter 
family of infinitesimal transformations of M" are given by quadratic Lagrangians and rotations: 



ll^l, 



\y\?, V 



TT > and $ defined by: 



cos{d) - sin(6l) 
sin(6i) cos(6l) 



(28) 



Xl 
X2 



Example 5. Let us consider n = 2, L(x,v,t) = 

$ : [-TT, Tt] X K2 ^ 1^2 

{e,Xl,X2) I — > 

Then, for every u € C^^d'^(T), every {0,t) G [-7r,7r] x Tj^, we have $(6l,u)^(t) = $(6',M^(i)). 
Consequently, for every u G Cjj^'^(T) and every TJ!, one can easily prove that the map 

e^L{<f{0,u{t)),^e,u)'^{t),t) (29) 

is independent of 9. 

Finally, on time scales with V-differentiable a, we prove the following No ether-typ e theorem 

admitting 



providing a constant of motion for V o A-differential Euler-Lagrange equations (lEL Jj^"^ 
a symmetry. 



Tiieorem 3 (Noether). Let us assume that a is \I -differentiate on and let ^ be a one- 
parameter family of infinitesimal transformations o/R". If L is invariant under the action of^, 
then for every solution u of (EL^^), there exists c G M such that: 



^iu{t),u^{t),t)-^iO,u^t)) = c, 



(30) 



for every t G T'^ . 



Proof. Let m be a solution of (ELjj^"^ I. Let us differentiate the map given by Equation ((27|) with 
respect to 9 and let us invert the operators A and d/d9 from the "^^-regularity of $. We obtain 
for every 9 G [—77, r]] and every t G TJr: 

|^($(^^,u(^)),$(^?,«)^(0,0•|^(^?,^0) + |^($(^,^0),*(^,")^W,0•|^(^,«)''W = ^ (3i) 
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Taking 61 = 0, it holds for every t e T«: 



Fit f)<i> fir fi^ 

— iu{t),u^{t),t) ■ -g^{0,u{t)) + —{u{t),u^{t),t) ■ -g^iO,u)^it) ^ 0. (32) 



Finally, multiplying this last equality by cr^(t) and using that u is solution of ( EL Jj^"^ 
obtain: 



on T'^, we 



ov 



(t) ■ ^{0,uit))+a^{t)^{u{t),u^{t),t) . ^{0,uf{t) = 0, (33) 



for every i e TJ!. Finally, from the Leibniz formula obtained in Proposition [51 it holds: 

1 V 



— iu,u ,-)-^iO,u) 



it) = 0, 



for every i G TJ!. From Proposition [2J the proof is complete. 



(34) 



□ 



Note that this theorem both recovers the usual Noether's theorems given in the continuous 
case [H p. 88] and in the (non shifted) discrete case [IHl Theorem 6.4]. 

5 The V-analogous results 

We conclude this paper with the following remark. The whole study made in this paper can be 
analogously derived for non shifted calculus of variations with Lagrangian functionals written with 
a V-integral dependent on a V-derivative. 

Precisely, let us assume that p is A-difFerentiable. Then, the following A o V-difFerential Euler- 
Lagrange equation on T^: 



rir 



characterizes the critical points of the following (non shifted) Lagrangian functional: 



(35) 



L{u{t),u^{t),t) Vt. 



In particular, a necessary condition for local optimizers of C is to be a solution of (EL^j^^ 



Moreover, let us assume that L is invariant under the action of a one-parameter family $ of 
infinitesimal transformations of M" in the sense that for every solution u of (EL^^) and every 
^ e TJ:, the map 

0^ L{<i>{e,u{t)),'i>ie,u)^{t),t) (36) 



is constant. Then, for every solution u of (EL^j^ ), there exists c G K such that: 



(37) 



for every t eTk 
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